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ABS’IXACT 
In the long wavelength limit K ~ S  current distribution in a thin 
film superconducting strip transmission line can be described by an 
inhomogeneous Fredholm equation of the second kind. By considering a 
fluxoid conservation derivarion of this equation, physical insight into 
the structure of the kernel fcllows naturally. An approximate analytic 
solution to the integral equation is derived for a specified range of  
geometrical parameters commonly encountered in practice. The solution 
is obtained by making use of the Liouviile-Neumann method of successive 
iterations and ap2roximating the resulting series by a series involving 
i powers of a defined coupling factox. It is shown that the critical cur- 
rent of the thin film superconducting strip transmission line, based on 
I 
I 
~ 
the c a l c u l a t i o n s  i n  t h e  poper and a c r i t i c a l  c u r q n t  d e n s i t y  hype theo i s ,  
l 
is underestimated by less than 5$. 
. 
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INTRODUCTION 
Severa l  a u t h o r s  have ind ica t ed  t h a t  superconduct ive  computer component's 
which a r e  cons t ruc t ed  i n  t h e  form of t h i n  f i l m  s t r i p  t ransmiss ion  l i n e s  are ad- 
vantageous from t h e  s t andpo in t  of  swi tch ing  speed and m i n i a t u r i z a t i o n .  1 - 6  
Superconduct ing s t r i p  t r ansmiss ion  l i n e s  are a l s o  u s e f u l  i n  t h e  t r a n s p o r t a t i o n  
of e l e c t r i c a l  in format ion  w i t h i n  a superconduct ing computer due t o  i n h e r e n t  
n e g l i g i b l e  loss c h a r a c t e r i s t i c s  and high group v e l o c i t y .  2'5 
only  i f  t h e  f i l m  th i ckness  i s  l a r g e r  than, o r  comparable to)  t h e  London pene-. 
t r a t i o n  depth .  It has a l s o  been shown t h a t  i f  t h e  f i l m  t h i c k n e s s  i s  less than 
The l a t t e r  i s  t r u e  
t h e  p e n e t r a t i o n  depth the  group v e l o c i t y  i s  apprec i ab ly  decreased ,  making the  
s t r i p  l i n e  u s e f u l  f o r  de t ay  l i n e  memory a p p l i c a t i o n .  I n  a l l  t h e  above devices  
i t  would be u s e f u l  t o  be a b l e  t o  p r e d i c t  t h e  t o t a l  c u r r e n t  which can  be c a r r i e d  
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by t h e  s t r i p  l i n e  be fo re  it becomes normally conduct ing.  
S e v e r a l  microscopic  t h e o r i e s  have been advanced which i n d i c a t e  t h a t  swi tch-  
7 i n g  i n  a t h i n  f i l m  i s  i n i t i a t e d  by a c r i t i c a l  c u r r e n t  d e n s i t y .  Cooper and 
Marcus have shown, independent ly ,  t h a t  t h e  problem of t h i n  f i l m  swi tch ing  i s  
compl ica ted  by t h e  f a c t  t h a t  the  c u r r e n t  d e n s i t y  i s  not  c o n s t a n t  over  t he  c r o s s -  
s e c t i o n  of t h e  f i l m .  8'9 Using a formal Green 's  f u n c t i o n  approach, and employing 
t h e  London c u r r e n t - f i e l d  r e l a t i o n ,  Cooper de r ived  t h e  g e n e r a l  inhomogeneous 
bntePradFredhol4equation of t h e  second k ind  d e s c r i b i n g  t h e  c u r r e n t  d e n s i t y  d i s -  
H e  a l s o  obfa ined  a s p e c i a l i z e d  e q u a t i o n ' f o r  t he  case  t r i b u t i o n  i n  a s i n g l e  f i lm.  
i n  which t h e  f i l m  t h i ckness  i s  l e s s  t han  o r  equa l  t o  t h e  p e n e t r a t i o n  depth  - the  
t h i n  film case. .Marcus derived an i d e n t i c a l  equa t ion  by combining the  Bio t -Savar t  
l a w  and London's equa t ion ,  and obta ined  computer s o l u t i o n s  €or  the  t h i n  film c a s e .  
The above methods can  be used t o  d e r i v e  an i n t e g r a l  equa t ion  f o r  t h e  case  of a 
s t r i p  t r a n s m i s s i o n  l i n e .  Due t o  t h e  complexi ty  of t he  k e r n e l ,  a n a l y t i c  s o l u t i o n s  
t o  t he  i n t e g r a l  equa t ion  have not  been found t o  d a t e  f o r  e i t h e r  t h e  s i n g l e  f i l m  
o r  s t r i p  l i n e  c a s e s .  
It  i s  shown below t h a t  when the  i n t e g r a l  equa t ion  i s  de r ived  fo r  t h e  s t r i p  
t r ansmiss ion  l i n e ,  u s i n g  t h e  concept  of f luxo id  conse rva t ion  e x p l i c i t l y ,  c e r t a i n  
u s e f u l  p r o p e r t i e s  of t h e  k e r n e l  can be r e a d i l y  deduced. These p r o p e r t i e s  a l low 
t h e  approximate e v a l u a t i o n  of t he  Liouville-Neumann s e r i e s  f o r  a range of geome- 
k r  
t r i c  parameters  o f  p r a c t i c a l  i n t e r e s t .  The a n a l y t i c  s o l u t i o n d t h e  c u r r e n t  
d e n s i t y  d i s t r i b u t i o n  i n  t h e  s t r i p  l i n e  e x h i b i t s  t h e  same p rope r ty  of  c u r r e n t  
peaking a t  t h e  f i l m  edges t h a t  Cooper and Marcus found f o r  t he  s i n g l e  f i l m .  The 
c r i t i c a l  c u r r e n t  of t h e  system can  be c a l c u l a t e d  from a knowledge of t he  c u r r e n t  
d e n s i t y  i n  t h e  s t r i p  l i n e  and t h e  c r i t i c a l  c u r r e n t  d e n s i t y  ob ta ined  from micro- 
s cop i c t h e o r  y , and/ o r  i nd e p e nde n t e xp e rime n t a t ion .  .. 
’ \  
STATEMENT OF PROBLEM 
Consider  t h e  t r ansmiss ion  l i n e  s t r u c t u r e  i n  t h e  form of two p a r a l l e l  c y l i q d r i -  
c a l  conductors  shown i n  F ig .  1. For the  sake of  g e n e r a l i t y  it i s  assumed, a t  f i r s t ,  
t h a t  t h e  c r o s s - s e c t i o n  of each conductor i s  a r b i t r a r y .  It i s  f u r t h e r  assumed t h a t  
t h e  wavelength of  t h e  f i e l d s  propagat ing  a long  the  s t r u c t u r e  i s  much l a r g e r  than 
t h e  t r a n s v e r s e  dimensions of t h e  s t r u c t u r e  so t h a t  a s t a t i c  a n a l y s i s  i s  v a l i d .  It 
i s  a l s o  assumed t h a t  t h e  c u r r e n t  d e n s i t y  i s  i n  t h e  z - d i r e c t i o n  and t h e r e f o r e  is 
on ly  a f u n c t i o n  of  x and y. The l a t t e r  c o n d i t i o n  i s  necessary  i n  o r d e r  t o  s a t i s f y  
cha rge  c o n s e r v a t i o n  for  t h i s  q u a s i - s t a t i c  c a s e  (V.3 p: 0). 
. 
The d e r i v a t i o n  of t h e  equation descr ibing  the current dierributfon in the 
conduc to r s  i s  e q u a l l y  v a l i d  f o r  t h e  c a s e s  i n  which: (1) t h e  conductors  a r e  both 
normally conduct ing ,  (2) one conductor. i s  superconduct ing and t h e  o t h e r  i s  normally 
L 
a 
/ '  
conduct ing,  and (3) both  conductors  a r e  superconduct ing.  I t  i s  advantageous t o  
f i r s t  c o n s i d e r  t h e  c l a s s i c  c a s e  i n  which both c y l i n d e r s  a r e  normally conduct ing.  
S ince  ? = ci 3 i n  bo th  conductors ,  applying Faraday ' s  law t o  t h e  d o t t e d  con- 
t o u r  shown i n  F ig .  1 y i e l d s ,  
0 
i n  r a t i o n a l i z e d  mks u n i t s .  r i s  t h e  usua l  p o s i t i o n  v e c t o r  i n  t h e  x-y p lane ,  
6 a i s  a u n i t  v e c t o r  i n  t h e  z - d i r e c t i o n ,  and d? i s  a d i f f e r e n t i a l  v e c t o r  l i n e  
element o f  i n t e g r a t i o n .  H ( r )  is  t h e  magnetic f i e l d  i n t e n s i t y  genera ted  by c u r -  
z 
- 4  
r e n t  e lements  i n  both  conductors .  For  t h e  s t a t i c  c a s e ,  t h e  r igh t -hand s i d e  of 
Eq. (1) i s  z e r o  and t h e r e f o r e  t h e  c u r r e n t  d i s t r i b u t i o n  i n  each conductor i s  uni -  
form. It  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  d i s t r i b u t i o n  i n  conductor  1 i s  uniform 
even i f  conductor  2 does n o t  have a uniform d i s t r i b u t i o n  ( f o r  i n s t a n c e  i f  conductor 
2 i s  a superconductor  - t h i s  case i s  d e s c r i b e d  below), as long  as conductor  1 i s  
normally conduct ing.  
I 
For  t h e  case i n  which both  conductors  are p e r f e c t l y  conduct ing (a = m), t h e  
r i g h t - h a n d  s i d e  of  Eq. (1) i s  s t i l l  zero i n  t h e  s t a t i c  s i t u a t i o n .  How- 
ever, a t  some t i m e  i n  t h e  p a s t  a t r a n s i e n t  e x i s t e d  so t h a t  i t  appears  t h a t  i n f i -  
n i t e  c u r r e n t  d e n s i t i e s  were generated.  T h i s  u n r e a l i s t i c  s i t u a t i o n  i s  a l l e v i a t e d  
by s t i p u l a t i n g  t h a t  dur ing  t h e  t r a n s i e n t  and a f t e r w a r d s  t h e  c u r r e n t  f lows i n  an 
i n f i n i t e l y  t h i n  l a y e r  a t  t h e  p e r f e c t  conductor  s u r f a c e s  w i t h  a d i s t r i b u t i o n  such 
t h a t  'ii is  time independent everywhere i t h i d e  t h e  body o f  t h e  conductor .  
from z e r o  i n i t i a l  c o n d i t i o n s  it i s  e v i d e n t  t h a t  Ti i s  z e r o  everywhere i n s i d e  of 
t h e  c y l i n d e r s .  
4 
S t a r t i n g  
T h i s  i s  guaranteed by s t i p u l a t i n g  t h a t  t h e r e  i s  no component of 
- 
H p e r p e n d i c u l a r  t o  t h e  conductor ' s  s u r f a c e .  Thus, i f  7 and 3 a r e  t h e  p o s i t i o n  
vectors denot ing  t h e  s u r f a c e  of conductors  1 and 2 , r e s p e c t i v e l y  and zwGs) i s  t h e  
5 1  s2 
A 
c u r r e n t  p e r  u n i t  wid th  a t  t he  conductor su r face ,  then  Zw E,) i s  the  s o l u t i o n  
t o  the  coupled i n t e g r a l  equa t ions  
While E q s .  (2) w i l l  no t  be solved h e r e ,  some u s e f u l  i n f o m a t i o n  can be obta ined  
from t h e i r  form and i s  summarized below: I 
(1) The magnet ic  f l u x  through any imaginary s u r f a c e  i n  t h e  i n t e r i o r  o f  
e i t h e r  conductor  is zero .  
The s u r f a c e  c u r r e n t  d i s t r i b u t i o n  i n  conductor  1 is  inf luenced  by 
t h e  c r o s s - s e c t i o n a l  shape o f  conductor  1, conductor  2,  and t h e  
s e p a r a t i o n  between them. 
The s u r f a c e  c u r r e n t  d i s t r i b u t i o n  i n  conductor  1 is a l t e r e d  i f  conductor 
2 does not  c a r r y  t h e  same t o t a l  c u r r e n t  as conductor  1. The d i s t r i b u t i o n  
i n  conductor  1 is a l t e r e d  by t h e  presence of  conductor  2 even i f  con- 
d u c t o r  2 carr ies  z e r o  n e t  c u r r e n t .  
(2) 
(3)  
Tine s t a t i c  c a s e  i n  which Q - CQ can  be s imula ted  by a dynamic s i t u a t i o n  i n  which 
t h e  s k i n  dep th  i s  much less than  t h e  t r a p s v e r s e  dimensions o f  t h e  conductor .  
Consider  t h e  c a s e  i n  which both  conductors  are  superconduct ing.  I n  t h i s  s i t u a -  
t i o n  B - clop - 2  dt i n  each of  t h e  cylinders,- B-' is the London p e n e t r a t i o n  
dep th .  . Thus, i n s t e a d  of  Eq. (1) , i t  can be shown t h a t  
d t   [J(T) - J(o) - p2[ E(Y') - (^az x d3 ' )  ] = 0 
The q u a n t i t y  w i t h i n  t h e  b r a c k e t s  i n  Eq. (3) is t h e  London f luxo id .  Thus Eq. (33 
. 
expres ses  t h e  p r i n c i p l e  of  f l u x o i d  conserva t ion .  S t a r t i n g  from t h e  London  zero  
f i e l d  i n i t i a l  c o n d i t i o n s ,  i t  i s  seen  t h a t  the  f l u x o i d  a s s o c i a t e d  w i t h  this or 
any o t h e r  con tour  w i t h i n  t h e  superconduct ing c y l i n d e r  i s  zero .  Th i s  i s  t h e  e x a c t  
a i a l o g  of  t h e  ze ro  f l u x  c o n d i t i o n  encountered i n  t h e  case of  p e r f e c t  conductors .  
Condi t ions 2 and 3 which were s t a t e d  f o r  p e r f e c t  conductors  remain t h e  same f o r  
superconductors  except t h a t  t h e  word "surface" must be d e l e t e d .  This i s  appa ren t  
s i n c e  t h e  i n f i n i t e  c u r r e n t  d e n s i t y  s i t u a t i o n  a s s o c i a t e d  wi th  a t i m e  r a t e  of change 
of f l u x  no longer  e x i s t s  i n  t h i s  case. 
It i s  convenient  a t  t h i s  p o i n t  t o  in t roduce  t h e  v e c t o r  p o t e n t i a l  de f ined  by 
the  e q u a t i o n  
V X X  -1 H = I-I, 
1 A l l  c a l c u l a t i o n s  w i l l  be c a r r i e d  o u t  i n  t h e  &lbulomb gauge. Furthermore 
such t h a t  it i s  i n  t h e  z - d i r e c t i o n  and thus  i s  only  a f u n c t i o n  of  x and y .  Thus 
i s  chosen 
i n  t h e  c y l i n d e r s  
where t h e  i n t e g r a t i o n  i n  Eq. (4b) i s  over the c r o s s - s e c t i o n a l  areas of both  con- 
d u c t o r s .  Using the i d e n t i t y  
and t h e  f a c t  t h a t  t h e  f l u x o i d  is ze ro  y{elds 
Eq. (6a) i s  i d e n t i c a l  t o  t h a t  der ived  by Cooper and Marcus. The f i r s t  two terms 
on t h e  r igh t -hand  a i d e  i n  Eq. (6a) are independent  o f  7, t h e r e f o r e  the c u r r e n t  
d e n s i t y  can  be expresraed as 
* 
' -, 
where C i s  an a r b i t r a r y  cons t an t  determined by t h e  t o t a l  c u r r e n t .  
Using t h e  concepts  in t roduced  i n  the  above d e r i v a t i o n  t h e  fo l lowing  i n t e r -  
e s t i n g  fact:  i s  apparent :  The nonuniformity of t he  c u r r e n t  d e n s i t y  i n  the  f i l m  
(J(f) # J(o), F # 0) i s  due t o  the  magnetic f l u x  c r o s s i n g  t h e  p lane  surrounded 
by the  d o t t e d  contour  shown i n  F ig .  1. For c e r t a i n  c r o s s - s e c t i o n a l  geometr ies  
(such as t h e  s t r i p  t r ansmiss ion  l i n e  which w i l l  be d i scussed  la te r )  t h i s  f l u x  
i s  smal l  i f  both conductors  c a r r y  equa l  and oppos i t e  c u r r e n t s .  Thus, i n  t hese  
c a s c s ,  only  smal l  v a r i a t i o n s  of the c u r r e n t  d e n s i t y  a r e  expected.  Furthermore,  
i n  the case  of a s t r i p  t ransmiss ion  l i n e ,  t h i s  concept  a l lows  c e r t a i n  p r o p e r t i e s  
-\ of t h e  k e r n e l  of  t he  i n t e g r a l  equa t ion  t o  be deduced so t h a t  a c losed  form s o h -  
.C 
t i o n  t o  Eq. (6b) can  be demonstrated.  . 
Before proceeding t o  t h i s  s o l u t i o n ,  cons ide r  t h e  case i n  which conductor 1 
i s  superconduct ing  and conductor  2 i s  normally conduct ing.  As w a s  shown previous ly ,  
192  
t h e  c u r r e n t  d e n s i t y  i n  t h e  normal conductor i s  uniform, so t h a t  i f  I 
a r e  t h e  n e t  c u r r e n t s  and c r o s s - s e c t i o n a l  areas of  conductors  1 and 2 r e s p e c t i v e l y ,  
and A 
1,2 
Eq. (6a) becomes 
It is i n t e r e s t i n g  t o  note  t h a t  f o r  t h i s  c a s e  t h e  d i s t r i b u t i o n  i n  conductor  1 is 
no t  i n f l u e n c e d  by t h e  presence o f  conductor 2 f o r  I2 = 0. 
case o f  two p e r f e c t  conductors  o r  two superconductors ,  as was shown above. 
This  w a s  no t  t rue f o r  t h e  
. -. 
STRIP TRANSMISSION LINE OF RECTANGULAR CROSS SECTION 
Consider t h e  s t r i p  t ransmiss ion  l i n e ,  shown i n  F i g .  2 ,  c o n s i s t i n g  of two 
p a r a l l e l ,  i n f i n i t e l y  long, superconduct ing t h i n  f i l m s  o f  r e c t a n g u l a r  c r o s s  - 
s e c t i o n .  Each is  of  width W and th ickness  d ,  and t h e  two are s e p a r a t e d  by a 
d i s t a n c e  a.  The parameters  of t h e  s y s t e m . a r e  chosen t o  be i n  a range of 
p r a c t i c a i  i n t d e s t  denoted by .0001 5 w d 5 .01, (Bd) 2 1, and f a  jC<; < F 6 .  A c u r r e n t ,  
f lows i n t o  t h e  top f i l m ,  and a n  equal  b u t  o p p o s i t e l y  d i r e c t e d  c u r r e n t  f lows 
For t h e  case of t h e  s t r i p  t r a n s m i s s i o n  l i n e  system d e s c r i b e d  
IO 
i n  t h e  bottom f i l m .  
above, Eq. (6b) becomes 
- w  + -  
s2 W 
s' W
- -  
- 2  
+ E  
- -  
2 
d + -  2 
d 
2 
- -  
! 
. I  
- -  ! e  
2 2 z -- 1 J ( x ' , y ' )  JnI(x-x ' )  + (y-y') Idx' dy' - - -  d l  
2 
Using t h e  change of v a r i a b l e s  x '  - - (x' + a )  i n  t h e  l a s t  i n t e g r a l  on t h e  r i g h t -  
hand s i d e  i n  Eq. (8a), and n o t i n g  t h a t  
y i e l d s  b 
d + -  + -  
' )21 x-x ' )2  + ( y - y  dx'  dy'  (9) J(x ,y )  - C + 4t s * -  1 - -  lJ(x',Y') an '( I xfx'+e)2 + (y-y')21 
2 2 
S i n c e  (Bd) 5 1 it w i l l  be assumed t h a t  J does  n o t  vary  a p p r e c i a b l y  i n  t h e  x-dilrecti0.n 
i n  t h e  f i l m .  (This  assumption w i l l  be examined more c l o s e l y  i n  t h e  next  s e c t i o n . )  
C 
Therefore  J ( x , y )  = J ( o , y )  = J ( y )  and Eq. (9) becomes, a f t e r  i n t roduc ing  the  
d imens ionless  v a r i a b l e  u = (2/W)'y , 
(Bd)2 (W/d) 
&r J ( u ' )  K(u,u') du' 
J(u) = C + 
-1 
where K(u ,u ' )  = K ( ~ U - U ' ~ )  
+ (i){(.4 - 5 d ) En I (2 6 - iy + (u-u') 2 1 -  (1  + 2 d ) .4n/(2 6 + - d 2  ) + (u -u t ,21 )  + 
W 
- t a n  u-u ' t a n  u-u t  
The k e r n e l  of t h e  i n t e g r a l  equa t ion  i s  an e x p l i c i t  f u n c t i o n  of t h e  th i ckness  
t o  wid th  r a t i o  of  t h e  f i lms ,  as w e l l  as t h e  r a t i o  of  t h e  s e p a r a t i o n  d i s t a n c e  t o  
t h e  wid th .  It was mentioned e a r l i e r  t h a t  t h e  nonuniformity of t h e  c u r r e n t  d e n s i t y  
is due t o  t h e  magnetic f l u x  t h a t  c r o s s e s  t h e  a r e a  bounded by t h e  d o t t e d  contour  
shown i n  F i g .  1. C e r t a i n l y  l i n e  c u r r e n t s  (hence fo r th  r e f e r r e d  t o  a s  source  p o i n t s  
s i n c e  t h e  a n a l y s i s  i s  two dimensional)  a t  a l l  p o i n t s  i n  t h e  c r o s s  s e c t i o n  c o n t r i -  
b u t e  t o  t h e  t o t a l  f l u x ,  bu t  due t o  the  dimensions of t h e  t r a n s m i s s i o n  l i n e  t h a t  
a r e  be ing  cons ide red ,  c o n t r i b u t i o n s  from ant i - symmetr ic  sou rce  p o i n t s  ( i n  t h e  two 
f i l m s )  d i s t a n t  from t h e  o b s e r v a t i o n  po in t  tend  t o  cance l  themselves o u t .  
should  be expec ted  t h e r e f o r e ,  t h a t  v i r t u a l l y  t h e  e n t i r e  n e t  f l u x  w i l l  be c o n t r i -  
bu ted  by source  p o i n t s  t h a t  l i e  wi th in  some sma l l  d i s t a n c e  from t h e  obse rva t ion  
p o i n t  (x ,y ) .  
between the  two f i l m s .  
based on  t h e  d i s c u s s i o n  above, it should be expec ted  t h a t  t h e  magnitude of t h e  
k e r n e l  w i l l  be a monotonica l ly  dec reas ing  f u n c t i o n  of  (1u-u ' I ) .  
It 
b 
This  d i s t a n c e  should  be on t h e  o r d e r  of a ,  t h e  s e p a r a t i o n  d i s t a n c e  
Thus t h e  ke rne l  should be s h a r p l y  peaked about u = u ' , x a n d ,  
S ince  .4 > d and 
. 
d d 
2 -  2 - - < x, x '  5 - , t h e  two dimensional  ke rne l  i n  Eq. ( 9 )  i s  nega t ive  d e f i n i t e .  
By cons ide r ing  t h e  process  by which Eq. (10) i s  de r ived  from Eq. (9), i t  i s  
J ( u )  = C - A I  J ( u ' ) / K ( / u - u ' I )  
apparent  t h a t  t h e  one-dimensional k e r n e l  i n  Eq. (10) i s  a l s o  nega t ive  d e f i n i t e .  
A p l o t  o f  t h e  magnitude o f  t h e  dimensionless  k e r n e l  v e r s u s  (u-u ' )  which 
summarizes t h e  conc lus ions  i n  t h e  above d i scuss ion ,  i s  shown i n  F ig .  3 .  This  
approximate s k e t c h  i s  supported by numerical  a n a l y s i s  and shows t h a t  t h e  k e r n e l  
drops  o f f  t o  * - of  i t s  maximum va lue  when lu-u' I 
t he  area under t h e  cu rve  (95%)  i s  contained i n  t h e  range Iu -u ' l :  0 - 10 i .  
t h a t  approximately 50% o f  the  a r e a  under the  curve  i s  conta ined  i n  t h e  range  
lu-u' 1 : 0 - w . 
1 
e a/W, and t h a t  t h e  bulk of 
k? Note 
a It might be po in ted  o u t  h e r e  t h a t  t h e  approximations i n  t h i s  
du' 
and o t h e r  ske tches  i n  t h e  paper  w i l l  no t  l i m i t  t h e  accuracy o f  t h e  f i n a l  a n a l y t i c  
r e s u l t s .  The ske tches  a re  g iven  as an  a id  t o  t h e  r e a d e r  and w i l l  be  u s e f u l  i n  
de t e rmin ing  t h e  e r r o r s  i n h e r e n t  i n  t h e  a n a l y t i c  approximations t o  fo l low.  
"\ 
(W/d) , Eq. (loa) c a n  be  r e w r i t t e n  as &r L e t t i n g  h = 
Equat ion  (11) can  be so lved  by t h e  Liouville-Neumann method of  success ive  i t e r a -  
t i o n s :  L e t  .J(O)(u) = C. Car ry ing  through t h e  i n t e g r a t i o n  i n  Eq. (11) y i e l d s  
Repea t ing  t h e  i n t e g r a t i o n  i n  Eq. (111, b u t  now u s i n g  J ( l ) ( u q  y i e l d s  
Thus ,  a f t e r  n r e p e t i t i o n s  i t  can be shown t h a t  
Therefore  t h e  c u r r e n t  d e n s i t y  can  be expressed as 
p r o v i d e d - t h e  .geries i n  Eq. (12c) converges as n co: The range ofbconvergence f o r  
t h i s  ser ies  w i l l  be  d i scussed  l a t e r .  
It i s  i n s t r u c t i v e  t o  no te  t h a t  t o  zero th  o r d e r  t h e  c u r r e n t  d e n s i t y ,  J (O)(u) ,  
i s  assumed t o  be uniform over  t h e  wid th  of t h e  f i l m .  The f i r s t  o r d e r  c o r r e c t i o n  
t o  t h i s  assumption, J(')(U), i s  computed by cons ide r ing  t h e  sum of t h e  i n t e r a c t i o n s  
of a l l  t h e  sou rce  p o i n t s  i n  t h e  f i l m s  on a p a r t i c u l a r  obse rva t ion  p o i n t .  Th i s  sum, ll 1 K(lu-u l l ) ldu l  , w i l l  be  r e f e r r e d  t o  as t h e  coupl ing  f a c t o r  AlK(u) 1 .  The +1 
second o r d e r  correction, J(2)(u) ,  i s  determined by cons ide r ing  t h e  e f f e c t  of a l l  . 
t h e  sou rce  p o i n t s  on a p a r t i c u l a r  source p o i n t  be fo re  o b t a i n i n g  t h e  coup l ing  f a c t o r .  
The h ighe r -o rde r  c o r r e c t i o n s  are f u r t h e r  expres s ions  of  t h e  i n t e r a c t i o n s  of  sou rce  
p o i n t s  w i t h  sou rce  p o i n t s .  The coupl ing  f a c t o r  c a n  be  eva lua ted  and shown t o  be 
where k = ,!?/die& 
C d/W C d/W C d/W 
It is  u s e f u l  a t  t h i s  p o i n t  t o  examine some of  t h e  p r o p e r t i e s  of ~(u). F i g u r e  
4 shows the  a b s o l u t e  magnitude of  t h e  ke rne l  p l o t t e d  a g a i n s t  u '  f o r  v a r i o u s  values 
of u .  
d e f i n i t e ,  K ( u )  i s  a l s o  nega t ive  d e f i n i t e .  
t h e  k e r n e l  (approximately lo$) ), it  i s  seen  t h a t  K ( U )  is a weak f u n c t i o n  of 
u (K(u) = K(o$ i n  t h e  c e n t r a l  r eg ion  of  the  f i l m .  When u i s  w i t h i n  10 (-) of  t h e  
edge of the  f i l m ,  K(u) i s  a s t r o n g  func t ion  of u ,  and i n  f a c t  it can  be shown t h a t  
a t  the  edges I K e 1 )  1 =: 7 I K ( o )  I + E where E i s  a small p o s i t i v e  number. 
obse rva t ions  are summarized i n  F ig .  5. 
The a r e a  under each "u" curve i s  jK(u)l .  S ince  t h e  k e r n e l  is nega t ive  
Due t o  the  narrow e f f e c t i v e  width of 
a 
a ) W 
1 These 
P h y s i c a l l y  t h i s  i m p l i e s  t h a t  s i n c e  an obse rva t ion  p o i n t  i s  only  a f f e c t e d  by 
a t hose  sou rce  p o i n t s  w i t h i n  a range  =jK-), t h e  obse rva t ion  p o i n t s  which a r e  not  W 
w i t h i n  10 (-) of t he  edges a r e  e f f e c t i v e l y  i n  an  i n f i n i t e l y  wide f i lm .  From a W .\ 
.* Eq. (12d) and F ig .  5 it is  seen  t h a t  i n  t h i s  r eg ion  J ( u )  i s  a weak func t ion  of  u 
E ( i n  an  i n f i n i t e l y  wide f i l m  J is  independent of  u ) .  
edges,  t h e  Observat ion p o i n t  i s  a f f e c t e d . b y  t h e  presence of the  edge of the  f i lm ,  
However, w i t h i n  10 ($ of  the  
and J ( u )  1s a s t r o n g  f u n c t i o n  of u. 
By c o n s i d e r i n g  a composite of Figs .  4 and 5 i t  i s  r e a d i l y  seen  t h a t  
Thus i n  g e n e r a l  
Equa t ions  (14) and (15) are very  near ly  t r u e  i n  the  c e n t r a l  p o r t i o n  of t h e  f i l m .  
a The e r r o r  i n  t h e  above approximations,  when u i s  w i t h i n  10 ( i j )  of the film edges 
w i l l  be  d i r c u s r e d  i n  t h e  next: gec t ion .  Combining Eqr. (12d) and (15) y i e l d s  
J(4 C (1 - hlK(u)I [ 1 (-1)" ( X l K ( 0 ) l ) "  (16) 
n l o  
h 
€ f a  
I f  hlic(0)  I< l the  s e r i e s  inA(16) converges abso lu te ly ,  and the  c u r r e n t  d e n s i t y  d i s -  
t r i b u t i o n  can be expressed i n  c losed  form as  
F igu re  6 i n d i c a t e s  t h e  range f o r  t he  parameters d, W, and 1 over  which Eq. (16) 
converges.  I f  h lK(o )  t he  s e r i e s  does not converge and the  Liouville-Neumann 
method i s  not  a p p l i c a b l e .  
ske t ch  of J ( u )  v e r s u s  u can be drawn (Fig.  7 ) .  
With t h e  he lp  of F ig .  5 an approximate normalized 
- 2  From E q .  (17) and the  r e l a t i o n  = - p ( v x  3) ,  t h e  x-component of the 
magnetic f i e l d  can  be shown t o  be 
. -\ where t h e  p l u s  and minus s i g n s  r e f e r  t o  the  top  and bottom f i lms  r e s p e c t i v e l y .  
An approximate ske tch  of Eq. (18) i s  given i n  F i g .  8. 
I n  p r i n c i p l e ,  Ampere's l a w  can be used t o  e v a l u a t e  H (x ,u ) .  
t h e  purposes  of t h e  d i s c u s s i o n  i n  the  next s ec t ion ,on ly  t h e  form of H 
I n  t h e  c e n t r a l  p o r t i o n  of t h e  f i lms  i t  can r e a d i l y  be seen  t h a t  H,, i s  maximum a t  
However f o r  
Y 
i s  necessary.  
Y 
J 
x r - -  d d d d 2 '  - ( a  - ?)and approximately zero  a t  x = + 7, - ( a  + 9). 
ERROR ANALYSIS AND CONCLUSIONS 
There are two sources  of e r r o r  i n  t h e  a n a l y s i s  p re sen ted  i n  the  l a s t  s e c t i o n .  
The f i r s t  e r r o r  w a s  in t roduced  when i t  w i s  assumed t h a t  t h e  c u r r e n t  d e n s i t y  does 
not  v a r y  i n  t h e  x - d i r e c t i o n  f o r  t h e  case (pd) 1 (one dimensional  approximation) .  
The second e r r o r  i s  a s s o c i a t e d  wi th  the approximations i n  E q s .  (14) and (15) ( the  
edge approximat ions) .  
A .  One Dimensional Approximation 
I n  o r d e r  t o  e v a l u a t e  t h i s  e r r o r  it i s  convenient  t o  use  a s e l f  cons i s t ency  
argument.  In o t h e r  words, t h e  one dimensional  s o l u t i o n ,  Eq. (17), i s  r e s u b s t i t u t e d  
. 
J(u) 0 C - QI h K(Iu-u ' I )  
i n t o  the  two-dimensional i n t e g r a l  equat ion ,  Eq.-(9), i n  o rde r  t o  f i n d  the  x- 
d i r e c t i o n  v a r i a t i o n  of 3. I n  p r a c t i c e  i t  i s  more convenient  t o  use  t h c  c l i l t c r -  
e n t i a 1  c o u n t e r p a r t  of  Eq. (9)) namely D J = p J.  The x - d i r e c t i o n  v a r i a t i o n  i s  2 2 
du' 
then used t o  f i n d  an improved y - d i r e c t i o n  v a r i a t i o n .  For t h e  purposes  of this 
paper it i s  not  impor tan t  i f  J i s  not  uniform i n  t h e  x - d i r e c t i o n ,  a s  long as 
t h e  i n c l u s i o n  of t h i s  v a r i a t i o n  does not appreciably.  a f f e c t  the  y - d i r e c t i o n  
v a r i a t i o n .  It i s  shown below t h a t  t h i s  i s ,  i n  f a c t ,  t h e  case .  
From t h e  d i s c u s s i o n  of t he  magnetic f i e l d  d i s t r i b u t i o n  i n  t h e  l a s t  s e c t i o n  
it i s  appa ren t  t h a t  the  l a r g e s t  x - d i r e c t i o n  v a r i a t i o n  of J occurs  i n  t h e  c e n t r a l  
p o r t i o n  of t h e  f i lm .  This  then  i s  the  worst  ca se  r eg ion  as f a r  a s  an e r r o r  i n  
t h e  one-dimensional approximation i s  concerned. Using t h e  s e l f - c o n s i s t e n t  pro-  
cedure o u t l i n e d  above, i t  i s  apparent  t h a t  i n  t h e  c e n t r a l  r e g i o n  of  t h e  top 
-.. 
d 
f i l m  (H (x = + 5) = 0) 
Y 
d d It i s  seen  t h a t  f o r  (Bd) = 1, J(-T) = (1.5) J ( 3 ) .  
a b l e  x - d i r e c t i o n  v a r i a t i o n .  However, when Eq. (19) i s  s u b s t i t u t e d  i n t o  Eq. (9)  
Thus t h e r e  can  be an apprec i -  
where i t  can  be shown t h a t  
Thus, a t  wors t ,  a P 1.04 ( f o r  t h e  case pd = 1) i n  the central  r e g i o n  of t he  f i l m .  
If h - ah t h e  magnitude of J ( u )  i n  the c e n t r a l  r e g i o n  i s  less t han  2%) sma l l e r  
t h a n  t h a t  p r e d i c t e d  by Eq. ( 1 7 ) .  As was po in ted  ou t  p rev ious ly ,  t h i s  e r r o r  i s  
less nea r  t h e  f i l m  edges.  
B. Edge Approximation 
I n  o r d e r  t o  e v a l u a t e  t h e  e r r o r  i n  E q s .  (14) and (15) it i s  convenient  t o  
note  t h a t  due t o  t h e  p r o p e r t i e s  of the  kernelfwhich were d i scussed  e a r l i e r &  
+1 
where y(u)> 0.  By cons ide r ing  more c a r e f u l l y  t h e  composite of F igs .  4 and 5 used  
t o  d e r i v e  Eq.  (14) ,  it i s  seen t h a t  T(u) i s  l a r g e s t  when u = k 1, i n  which c a s e  
y ( + l )  = . 2 5 .  I n  t h e  c e n t r a l  p o r t i o n  of the  f i l m  Y(u) = O .  Thus i t  i s  seen  t h a t  
a t  t he  f i l m  edges Eq.  (14) i s  not  very  accu ra t e .  However, i f  E q s .  (12d) and (21) 
a r e  used t o  d e r i v e  a new expres s ion  f o r  J (k1 )  it i s  found t h a t  
- 
2 2 ( . 6 7 )  ( h l ; ( o )  \i3 !} (22)  
i + h K ( O )  1 - ( - 7 5 )  h / K ( o ) ]  + (.69) h ] K ( o ) /  - 
Thus J(*;1) i s  l e s s  t han  5% smaller than t h a t  p r e d i c t e d  by Eq. (17) f o r  a l l  param- 
e ter  v a l u e s  under c o n s i d e r a t i o n .  This  e r r o r  i s  less near  t h e  c e n t e r  of t he  f i l m .  
- 
. _  
If i t  i s  assumed t h a t  t h e  superconduct ing f i lms  swi tch  t o  t h e  normally con- 
duc t ing  sta'te when J a t  any p o i n t  i n  the f i l m s  exceeds a c r i t i c a l  va lue  J c ,  it  i s  
appa ren t  t h a t  t h e  swi tch ing  i s  i n i t i a t e d  a t  t h e  f i l m  edges.  From the  e r r o r  
. 
a n a l y s i s  it i s  c l e a r  t h a t  i f  the  J ( u )  g iven  i n  E q .  (17) i s  used t o  c a l c u l a t e  a 
c r i t i c a l  c u r r e n t  I ( i n  terms of Jc ) ,  t h i s  va lue  f o r  t h e  c r i t i c a l  c u r r e n t  w i l l  
C 
be s m a l l e r  than  t h e  t r u e  c r i t i c a l  c u r r e n t  by less  than  5%. 
c a l c u l a t i n g  IC t h e  x - d i r e c t i o n  v a r i a t i o n  of J i n  t h e  c e n t r a l  p o r t i o n  of t h e  f i l m  
should be  taken  i n t o  account .  This  i s  e e s i l y  done by combining E q s .  (17 )  and (19) 
It i s  noted t h a t  i n  
Jc a s i s  done i n  t h e  sample c r i t i c a l  c u r r e n t  c a l c u l a t i o n  shown i n  t h e  Appendix. 
can  be determined by making use  of  a microscopic  theory ,  
de t e rmin ing  I 
above. 
any o t h e r  s e t  of  parameters which l i e  i n  t h e  range under c o n s i d e r a t i o n  i n  t h i s  
7 and/or  by exper imenta l ly  
f o r  a p a r t i c u l a r  choice of parameters  which l i e  i n  t h e  range def ined  
C 
Once Jc i s  known, I can  be determined,  u s ing  t h e  above c a l c u l a t i o n s  f o r  
C 
paper .  
ACKNOWLEDGENENTS 
The  authors are g y a r e f u l  t o  P. Swigert  f o r  programming and c a x y i n g  out 
t he  numerical  c a l c u l a t i o n s  which were used t o  v e r i f y  t h e  r e s u l t s  of t h i s  p a p e r .  
Thanks are a l s o  due t o  G. Fair f o r  s e v e r a l  u s e f u l  d i s c u s s i o n s .  
p 
APPENDIX 
The c r i t i c a l  c u r r e n t ,  IC) of a superconduct ing s t r i p  t r ansmiss ion  l i n o ,  for 
For t h i s  c a s e ,  t h e  c u r r e n t  i s  un i -  t h e  c a s e  d/w << 1: can  e a s i l y  be c a l c u l a t e d .  
I , 
I 
Corm over  a ve ry  1a::ge percentage  of t h e  f i l m  so t h a t  from Eq. (19) it can  be 
shown t h a t  
I O  = J ( o )  W ( B - l )  2 s i n h  (Bd/2) (A- 1) 
The d imens ionless  v a r i a b l e  u w i l l  no t  be  used i n  t h i s  s e c t i o n .  From Eq. (17 ) ,  
j icczWAj1 
and making use  of  the f a c t  t h a t w a y  1 I K ( o ) I ,  i t  can  be seen  t h a t  
where t h e  v a r i a t i o n  of J i n  t h e  x - d i r e c t i o n  a t  t h e  f i l m  edges has  been neglec ted  
i n  l i n e  w i t h  t h e  d i s c u s s i o n  i n  t h e  l a s t  s e c t i o n .  According t o  t h e  c r i t i c a l  cur -  
r e n t  d e n s i t y  hypo thes i s  Io - IC when J (hW/2) -  Jc. Using t h i s  hypo thes i s  and 
combining E q s .  (A-1) and (A-2) y i e l d s  
.-.. 
(A-3) W(p-’) 2 s i n h  1 1: - Jc 1 + h I K ( o )  I 
The numerator of t h e  r igh t -hand s i d e  of E q .  (A-3)  i s  the c r i t i c a l  c u r r e n t ,  I 
c a l c u l a t e d  on t h e  assumption t h a t  t h e  c u r r e n t  d e n s i t y  i s  uniform in t h e  y - d i r e c t i o n .  
It c a n  be  seen  from Eq. (13) t h a t  
CI I ’  
(A-4) 
A 
From F i g .  6 it i s  e v i d e n t  t h a t  Eq. (A-4)’is s a t i s f i e d  f o r  t h e  case d /wm< .001. - 
It i s  i n t e r e s t i n g  t o  note  t h a t  i n  t h i s  range  M ( o )  is  independent  of (d/w). 
The re fo re ,  
(A-5) 
For  s i t u a t i o n s  i n  which (d/W) i s  n o t  much less  t h a n  u n i t y ,  E q s .  (A-1 )  anti ( A - 4 )  
a r e  n o t  v a l i d .  I n  t h e s e  cases t h e  g e n e r a l  e x p r e s s i o n s  d e s c r i b i n g  the vnri.n~i<;;h ' 
of c u r r e n t  d e n s i t y  i n  t h e  f i l m s  can  be used t o  c a l c u l a t e  t h e  c r i t i c a l  cu r rcn t .  
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FIG. I PARALLEL CYLENDRICAL CONDUCTGZS 
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